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The Finite Difference Methed

Approximates PDEs by a difference operator forsaom
small but finite h

h is the distance between points on the domain

Doing this substitution for a large enough numtigooints
In the domain gives a system of equations thabean
solved algebraically

The error between this approximate solution aedihe
solution is determined by the truncation error teahade
by going from a differential operator to a diffecen
operator



Problem Description

Goal: predict the heat distribution in a 2D domaasulting
from conduction

Heat distribution can be described using the vaihg
partial differential equation (PDE):

Uy + Uy, = T(XY)

f(x,y) = O since there are no internal heat sources in this
problem

There is only 1 heat source at a single boundadg nand
all other nodes are to be held at O degrees. Tdreshe
boundary conditions

Initial temperature of the entire domain is sed 10



Problem Description
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Uy T Uy = T(X,Y)




Numerical Methods

The domain is evenly decomposed into a rectanguokéssh
where the nodes are evenly spalcenhits apart in both
directions:Ax= 4y = h

The solution at each node is then computed ineaative

fashion until there is little change over the entdomain in
the overall temperature distribution

This process depends on the numerical methodlisyatioi
drive some test for convergence tq|@% - u¥||, < &

Once the method has converged to zero or sometatie
tolerance, the solution is said to approximate the
temperature distribution



Iterative Process

Applicable to both serial and parallel implemeraas

while (! converged (UK UK 1)) {

UK = UK 1;
sol ve(U K, U K 1);
}

Where:

» U_K s a 2d array holding the solution for eacli@dn the domain from
the previous iteration

*U_K_1is a 2d array that is storing the resultsefach node as it is being
solved




Testing for Convergence

Uk D= uR]|, < £

sum = 0. O;
for (i=0;i<numcols;i++) {
for (j=0;]j<numrows;|++) {
sum=sum+ (UK 1[I][j] - UKII][]j])53

}

}
L2 Norm = sqrt(sumn;




Domain Decomposition
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Jacobi Method

Takes what amounts to an average of the surrogrtin
nodes to figure out what the temperature shoulwibthe
node value being calculated

Takes into account internal heat sources
Relies strictly on values from the previous itenat

Each node could theoretically be handled by ita ow
process, computing the entire domain in one step

If each node was calculated on its own procesken the
upper bound for communications would be
4*Num_Nodes, but in practice the number of
communications should be lower if bcs are handledllp

This also means that the maximum number of coeatirr
calculations is equal to the number of nodes.
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Jacobi Method
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Gauss-Seidel and SOR Methods

Both methods are the same except for the con&tént
that is used to scale or “relax” the results.

They are also both iterative processes, and cgeveaster
than the Jacobi method.

At each point (i,j) in the domains is donated & oe a
black according to whether i+j is odd or even.

The “red” node calculations use values from thevjmus
iteration.

The “black” node calculations use values donateohfthe
current iterations “red” nodes, so there is a task
dependency here.



Gauss-Seidel and SOR Methods

Red/black interior nodal distribution
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Gauss-Seidel and SOR Methods

Uk D, = U0+ (UW) * (U0 + U+ Ul + UW - AUl - hef, )
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Gauss-Seidel and SOR Methods

u(k+1)i,j — u(k+l)i,j + (1/\/\/) * (u(k+1)i-1,j + u(k+1)i+1,j + u(k+l)i,j—l + u(k+l)i,j+1 - 4u(k)i,j - hzfi,j)
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Gauss-Seidel and SOR Methods

Task Dependency
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lterative Process For Red/Black

A non-ideal method was used for red/black calcoitesi

while (! converged (UK UK 1)) {
UK = UK 1;
solve(U K, U K 1);

solve(U K 1, U K 1);
}

Where:

» U_K s a 2d array holding the solution for eacli@dn the domain from
the previous iteration

*U_K_1is a 2d array that is storing the resultsefach node as it is being
solved



Parallel Implementation

Single Program Multiple Data

Rows are evenly distributed to each processor

No “global” matrix

Communications are minimized by using “ghost rows”

Convergence calculated using an MPIl_Reduce,
“MPI_SUM?” reduction operation

Boundary conditions enforced locally

All serial results were identical to the parahesults of
their respective methods



Single Program Multiple Data

A single program that manages data distributiah an
number of processes is executed

Rows are distributed to each processor evenlpnpoove
load balancing

Each process owns its rows

For each process, communications are restrictéueto
processes operating on rows above and below it.

Root node shares in the work load



Row Distribution

 Rows are distributed as evenly as possible

e The maximum number of rows owned by any proceéfls wi
be at most 1 more than the number of rows owneal by
process with the fewest number of rows.

e This ensures proper load balancing and a minimoizan
Idle processes
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Row Distribution
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No Global Matrices

Each process knows about its assigned rows amosit2
more 1D “ghost rows” of a size corresponding to the
number of nodes in the x-direction

There is no globalization of the matrix at anyraluring
the solving of the iterative method

This greatly reduces the memory overhead assdorath
each processor containing a copy of the globalirnatr

Because of this approach, the serial and pa@t@rithms
are exactly the same.



Ghost Rows

Ghost rows are the rows that are either immediatiebve
or immediately above a PE’s own rows

Rows are communicated between adjacent proceasors
the beginning of each iteration

The root PE only receives one ghost row from below
The last PE only sends one ghost row to the PEaibo

This results in a communication overhead of 2*|Ret
each iteration

Sends are non-blocking
Receilves are blocking



Ghost Rows

Color bands indicate ghost row communication seems
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Ghost Row Communications

/* send/receive bottom rows */
if (my_rank < (p-1)) {
[* populate send buffer with bottow row */
for (i=0;i<(int)floor(WIDTH/H);i++) {
U_Send_Buffer[i] = current_ptr[my_num_rows-1][i];
}
/* non blocking send */
MPI_Isend(U_Send_Buffer,(int)floor(WIDTH/H),MPI_FL&T,my_rank+1,0,MP|_COMM_WORLD,&request);
}
if (my_rank > ROOT) {
/* blocking receive */
MPI_Recv(U_Curr_Above,(int)floor(WIDTH/H),MPI_FLOATMmy_rank-1,0,MP|_COMM_WORLD,&status);
}
MPI_Barrier(MPI_COMM_WORLD);




Ghost Row Communications

[* send/receive top rows */
if (my_rank > ROOT) {
/* populate send buffer with top row */
for (i=0;i<(int)floor(WIDTH/H);i++) {
U_Send_Buffer[i] = current_ptr[O][i];
}
/* non blocking send */
MPI_Isend(U_Send_Buffer,(int)floor(WIDTH/H),MPI_FL®I,my_rank-1,0,MPI_COMM_WORLD,&request);
}
if (my_rank < (p-1)) {
/* blocking receive */
MPI_Recv(U_Curr_Below,(int)floor(WIDTH/H),MPI_FLOAMy_rank+1,0,MP|_COMM_WORLD,&status);
}
MPI_Barrier(MPI_COMM_WORLD);




Communication Costs

 The sending and receiving of the ghost rows iedairthe
beginning of each iterative method that amounts tmtal
Send/Receive cost of:
Commendrecv: I*(Z(P'l))
where | is the total number of iterations and #héstotal number of PEs
 Each, MPI_Reduce is called once for the convergenc
calculations:
CC)mrneduce: |
where | is the total number of iterations
e S0, total the number of communications is:
Comm,, = I*(2(P-1) + 1)

where | is the total number of iterations and théstotal number of PEs



Development and Benchmarks

Development was done on both Linux (Fedora Corng)
FreeBSD (4.10) using the MPICH implementation @&f th
MPI standard

Benchmarks were done on 8, dual Xeon 2.6 Ghz, pcs
running Fedora Core 2 (Linux) (16 processors total)

Program *should* run on any machine with MPICH
Installed, especially any of the Unix variants

This virtual “cluster” is on a 100mbs Ethernet 8bu
network topology

MPICH utilized rsh (remote shell) to facilitatd al
communications

Program *should* run on any number of processers a
long as each processor can have at least one risvasfn



Speed Up 50x50 Node Domain
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Efficiency 50x50 Node Domain
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Speed Up 100x100 Node Domain
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Efficiency 100x100 Node
Domain
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Method Comparisons

Seconds
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Method Comparisons

Ilterations

Iterations To Converge

16000
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Note: both serial and parallel implementations
of each method converged in the same number
of iterations

Note: Convergence criteria, was 0.0001




Method Comparisons

Results for rows 1 & 2 on a 10x10 domain (bothademd parallel)

Xy Jacobi Gauss- Sei de SOR

01 0. 000000 0. 000000 0. 000000

11 2.857111 2.857120 2.857145

21 7.705517 7.705528 7.705578

31 19. 306114 19. 306137 19. 306194
4 1 53. 455193 53. 455212 53. 455284
51 19. 488251 19. 488277 19. 488346
6 1 8. 120687 8. 120704 8. 120773

71 3. 637105 3.637123 3.637166

81 1.448818 1. 448824 1. 448848

91 0. 000000 0. 000000 0. 000000

02 0. 000000 0. 000000 0. 000000

12 3.722941 3. 722953 3. 722986

22 8. 658842 8. 658875 8. 658949

32 16. 063782 16. 063810 16. 063929
4 2 25. 026405 25. 026455 25. 026577
52 16. 377161 16. 377195 16. 377331
6 2 9. 357396 9. 357441 9. 357549

72 4.978940 4.978962 4.979038

8 2 2.158168 2.158185 2.158218

9 2 0. 000000 0. 000000 0. 000000



| essons Learned

Arrays in C are row-major, and are referenced [/jowol]

Dynamically allocating array in C is tedious,
flexibility is worth it

Ghost rows allow one to minimize communications, b
taking advantage of the low task dependence caldda
the efficiency of a parallel finite difference meth

Implementing the red/black schemes by taking athgmn
of their task dependencies would speed these elarall
computations up significantly



Conclusion

The SOR Method converged the fastest, followethky
Gauss-Seidel Method; The Jacobi Method was
considerably slower

The results of all three methods were consistaotjgh
different after the 100th decimal place

Greater speed up and a less severe drop in efficeas
seen when the number of nodes in the domain were
Increase

Greater speed up and efficiency would be achigyed
optimizing both task management and communications

Parallelization must yield results identical te gerial
Implementation, yet must also provide an incrense |
performance
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